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OPTIMAL HARDY INEQUALITIES IN CONES 


BAPTISTE DEVYVER, YEHUDA PINCHOVER, AND GEORGIOS PSARADAKIS 


Abstract. Let PI be an open connected cone in R n with vertex at the origin. Assume that the 
operator 


P, := -A - 




is subcritical in PI, where <5n is the distance function to the boundary of Pi and ^ < 1/4. We show 
that under some smoothness assumption on PI, the following improved Hardy-type inequality 


|Vy?| 2 dx — p, 


h£p 

% 


da; > 


A(m) [ 

Jn 


m 2 


da; V^€C 0 "(n), 


holds true, and the Hardy-weight A(/i)|a:| 
A(/r) > 0 is given explicitly. 


is optimal in a certain definite sense. The constant 
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1. Introduction 

Let P be a symmetric second-order linear elliptic operator with real coefficients, defined in a 
domain II of M n , and denote by q its associated quadratic form. Suppose that q(ip) > 0 for all 
<p € i.e. P is nonnegative ( P > 0) in 12. Then P is called subcritical in 12 if there exists 

a nontrivial, nonnegative weight W such that the following Hardy-type inequality holds true 

(1.1) q(<p) > A f W(x)\ip(x)\ 2 dx V(^ € C 0 “(O), 

Jn 

where A > 0 is a constant. If P > 0 in 12 and (11.111 is not true for any W ^ 0, then P is called 
critical in 12. 

Given a subcritical operator P in 12, there is a huge convex set of weights W ^ 0 satisfying 
CL3D- A natural question is to find a weight function W which is “as large as possible” and 
satisfies CEO ( see Agmon [T] Page 6]). 

In the paper m, the authors have constructed a Hardy-weight W, for a subcritical operator 
P , which is optimal in a certain definite sense. For symmetric operators the main result of m 
reads as follows. 

Theorem 1.1 ( [T3l Theorem 2.2]). Assume that P is subcritical in H. Fix a reference point 
xq € 12, and set H* := H \ {xo}. There exists a nonzero nonnegative weight W satisfying the 
following properties: 

(a) Denote by Ao = Ao (P,W,D*) the largest constant A satisfying 

(1.2) q(tp) > A f W(x)\y(x)\ 2 dx V(/;G C“(ffi). 

Jpi* 

Then Xq > 0 and the operator P — XqW is critical in 12*; that is, the inequality 

q(tp) > [ V(x)\tp(x)\ 2 dx \/tp G Cq°(Q*) 

Jn* 


l 
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is not valid, for any V ^ Ao W. 

(b) The constant Ao is also the best constant for (jl.2|) with test functions supported in 1L C 0, 
where If is either the complement of any fixed compact set in Q containing xo or any 
fixed punctured neighborhood of xq . 

(c) The operator P — XqW is null-critical in 12*; that is, the corresponding Rayleigh-Ritz 
variational problem 


(1.3) 


inf 




) Ia* w {x)\ip(x)\ 2 dx 


admits no minimizer. Here Dp 2 ( 12*) is the completion of Cq°(Q*) with respect to the 
norm u y q(u). 

(d) If furthermore W > 0 in II*, then the spectrum and the essential spectrum of the 
Friedrichs extension of the operator W~ 1 P on L 2 (D*,W dx) are both equal to [Aq,oo). 


Definition 1.2. A weight function that satisfies properties (a)-(d) is called an optimal Hardy 
weight for the operator P in 12. 


For related spectral results concerning optimal Hardy inequalities see |12| . 

One may look at a punctured domain 12* as a noncompact manifold with two ends do and xo, 
where do denotes the ideal point in the one-point compactification of It. In fact, the results of 
Theorem II. H are valid on such manifolds. In [131 Theorem 11.6], the authors extend Theorem ll.il 
and get an optimal Hardy-weight W in the entire domain 12, in the case of boundary singularities , 
where the two singular points of the Hardy-weight are located at <912 U {do} and not at do and 
at an isolated interior point of 12 as in Theorem 11.11 The result reads as follows. 


Theorem 1.3 ( fl3l. Theorem 11.6]). Assume that P is subcritical in 12. Suppose that the Martin 
boundary <511 of the operator P in 12 is equal to the minimal Martin boundary and is equal to 
<912U{£o, £i}; where <912\{£o, £ 1 } is assumed to be a regular manifold of dimension (n— 1) without 
boundary, and the coefficients of P are locally regular up to <912 \ {£o)£i}- 

Denote by 12 the Martin compactification ofD, and assume that there exists a bounded domain 
D cH such that fo and £i belong to two different connected components Do and D\ of fl\ D 
such that each Dj is a neighborhood in !l of fj, where j = 0,1. 

Let uq and u\ be the minimal Martin functions at £o and £i respectively. Consider the super¬ 
solution U 1/2 '■= ( uqU \) 1//2 of the equation Pu = 0 in D, and assume that 


(1.4) 


lim 

z-Ko Uq{x) 

x€l£1, 


lim 

z-Kl U l(x) 
zed 


= 0. 


Then the weight W := 1 an optimal Hardy weight for P in D. Moreover, ifW does not 

vanish on D \ {£oj£i}j then the spectrum and the essential spectrum of the Friedrichs extension 
of the operator W~ X P acting on L 2 {D,Wdx) is ]l,oo). 

The following example illustrates Theorem 11.31 and motivated our present study. 

Example 1.4 ([T5i Example 11.1]). Let P = Pq := —A, and consider the cone H with vertex 
at the origin, given by 

(1.5) 


fl := {x € M n | r(x) > 0,cu(x) € X} 
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where E is a Lipschitz domain on the unit sphere S™” 1 C M n , n > 2, and (r, w) denotes the 
spherical coordinates of x (i.e., r = |x|, and oj = x/\x\). We assume that P is subcritical in 0. 

Let (j) be the principal eigenfunction of the (Dirichlet) Laplace-Beltrami operator —A g on £ 
with principal eigenvalue a = Ao(—Ag, 1, £) (for the definition of Ao see (12.ID ), and set 

2 — n ± — n) 2 + 4a 

' 2 

Then the positive harmonic functions 


u±(r,oj) := ) 


are the Martin kernels at oo and 0 [29] (see also 0). 

The function 

Ui /2 := (u + u-) 1/2 = r (2_Tl)/2 (/>(w) 

is a supersolution of the equation Pu = 0 in Q (this is the so called supersolution construction 
for P in Q with the pair (u+, u_)). 

Consequently, the associated Hardy weight is 


W(x) : = 


Pui/2 _ (n — 2) 2 + 4er 


Ul/2 4|x| 2 

and the corresponding Hardy-type inequality reads as follows 


( 1 . 6 ) 


|V(^| 2 dx > 


(n - 2) 2 + 4cr f | tp\‘ 


In \ x \ 


dx £ Cq°(CI). 


It follows from Theorem 11.31 that W is an optimal Hardy-weight. Note that for T, = we 
obtain the classical Hardy inequality in the punctured space. We also remark that the Hardy- 
type inequality (11.61) and the global optimality of the constant (n — 2) 2 /4 + a are not new (cf. 

mm)- 


Let 

5(x) = Sq(x) := dist (x, dfl) 

be the distance function to the boundary of a domain Ci. 

The aim of the present paper is to extend the result in Example 11.41 to the case of the Hardy 
operator 

hl °’ 

where H is the cone defined by (11.51) . and /i < po := Ao(—A,5^ 2 ,H) under the assumption the 
is subcritical in H (for the definition of Ao, see (I2.1j) h In particular, we obtain an explicit 
expressions for the optimal Hardy weight W corresponding to the singular points 0 and oo, for 
the associate best Hardy constant, and for the corresponding ground state. Note that since the 
potential Sf l 2 (x) is singular on <9fl, Theorem 1 1.3 1 is not applicable for P^ with n ^ 0, and we had 
to come up with new techniques and ideas to treat this case. For some recent results concerning 
sharp Hardy inequalities with boundary singularities see [M ESI Eo] and references therein. 


The outline of the present paper is as follows. In Section[2]we fix the setting and notations, and 
introduce some basic definitions. In Section [3] we use an approximation argument to obtain two 
positive multiplicative solutions of the equation P^u = 0 in H of the form u±(r,w ) := r 7± 0(u;), 
while in Section 0] we use the boundary Harnack principle of A. Ancona [4] and the methods 
in [221 EH to get an explicit representation theorem for the positive solutions of the equation 
= 0 in n that vanish (in the potential theory sense) on <9f2 \ {0}. The obtained two 
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linearly independent positive multiplicative solutions are the building blocks of the supersolution 
construction that is used in Section [5] to prove our main result. In Section [6] we consider a family 
of Hardy inequalities in the half-space M” obtained by S. Filippas, A. Tertikas and J. Tidblonr 
[H], and we obtain, for the appropriate case, the optimality of the corresponding weight. 

We conclude the paper in Section [7] by proving a closely related Hardy-type inequality with 
the best constant for the (nonnegative) operator P ^ in H, where H is a domain in M n such that 
0 G <9H, and satisfies (in the weak sense) the linear differential inequality 

(1.7) -A 6 n + n ~ 1 ■ Vfo - fo) > 0 in H. 

Finally, we note that parts of the results of the present paper were announced in m- 

2. Preliminaries 

In this section we fix our setting and notations, and introduce some basic definitions. We 
denote M+ := (0,oo), and 

M” := {( xi,X 2 , • • • ,x n ) G M n | aq > 0}. 

Throughout the paper H is a domain in M n , where n > 2. The distance function to the boundary 
of H is denoted by 5q. We write H' (<= H if H is open, H' is compact and IT C fL By an 
exhaustion of H we mean a sequence {f^} of smooth, relatively compact domains such that 
xq G Hi, H/i, Hfc-j-i, and H/j, H. 

Let /, g : H —>• [0, oo). We denote / x g in H if there exists a positive constant C such that 
C~ 1 g < / < Cg in H. Also, we write / ^ 0 in H if / > 0 in H but f ^ 0 in H. We denote by 1 
the constant function taking the value 1 in H. B r (x) is the open ball of radius r centered at x. 
If H is a cone and R > 0, we denote by Ar the annulus 

R 

Ar := {z G H | — < \z\ < 2 R}. 

In the present paper we consider a second-order linear elliptic operator P defined on a domain 
H C M n , and let W ^ 0 be a given function. We write P > 0 in H if the equation Pu = 0 in H 
admits a positive (super)solution. Unless otherwise stated it is assumed that P > 0 in H. 

Throughout the paper it is assumed that the operator P is symmetric and locally uniformly 
elliptic. Moreover, we assume that coefficients of P and the function W are real valued and 
locally sufficiently regular in H (see m )• For such an operator P, potential W, and A G 1, we 
denote P\ := P — A W. 

The following well known Agmon-Allegretto-Piepenbrink (AAP) theorem holds (see for ex¬ 
ample j2j and references therein). 

Theorem 2.1 (The AAP Theorem). Suppose that P is symmetric, and let q he the corresponding 
quadratic form. Then P >0 in H if and only if q((f) > 0 for every G 

We recall the following definitions. 

Definition 2.2. Let q be the quadratic form on C^°(H) associated with a symmetric nonnegative 
operator P in H. We say that a sequence {</?*;} C C'^°(H) of nonnegative functions is a null- 
sequence of the quadratic form q in H, if there exists an open set B (s H such that 

lim q(ifik) = 0, and / |<^| 2 dx = 1. 

fc->oo J B 

We say that a positive function cj) G C)“ c (n) is a (Agmon) ground state of the functional q in H 
if (f is an L 2 oc (H) limit of a null-sequence of q in H. 
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Definition 2.3. Let K <e fl, and let u be a positive solution of the equation Pw = 0 in 

Vt \ K. We say that u is a positive solution of minimal growth in a neighborhood of infinity 

in if for any K <s= K' <s= H with smooth boundary and any (regular) positive supersolution 
v E C((fi \ K') U dK') of the equation Pw = 0 in \ K' satisfying u < v on dK ', we have u < v 
in Q \ K'. 

Theorem 2.4 (|31j). Suppose that P is nonnegative symmetric operator in fi, and let q be the 
corresponding quadratic form. Then the following assertions are equivalent 

(i) The operator P is critical in ft. 

(ii) The quadratic form admits a null-sequence and a ground state <f) in Q. 

(iii) The equation Pu = 0 admits a unique positive supersolution <f in fi. 

(iv) The equation Pu = 0 admits a positive solution in of minimal growth in a neighborhood 

of infinity in fi. 

In particular, any ground state is the unique positive (super)solution of the equation Pu = 0 in 
II, and it has minimal growth in a neighborhood of ob. 

Let P and W If 0 be as above, the generalized principal eigenvalue is defined by 

(2.1) \ 0 := \ 0 {P,W,n) :=sup|AeM|P A = P-AW>0 in fl}. 

We also define 

Aoo = Aqo (P, W, Q) := sup |a E M | 3K CC H s.t. P\ > 0 in H \ A j. 

Recall that if the operator P is symmetric in L 2 (Q, dx), and W > 0, then Ao (resp. A^) is the 
infimum of the L 2 (fl, Wdx)-spectrum (resp. L 2 (Q, Wdx)-essential spectrum) of the Friedrichs 
extension of the operator P := W~ 1 P (see for example [2] and references therein). Note that P 
is symmetric on L 2 (Q, Wdx), and has the same quadratic form as P. 

Definition 2.5. Let ^ M n be a domain. We say that is weakly mean convex if 5q is weakly 
superharmonic in Q. 

Recall that Also, any convex domain is of course weakly mean convex, and if 

E C 2 , then Q. is weakly mean convex if and only if the mean curvature at any point of dQ 
is nonnegative (see for example [33]). 

Throughout the paper we fix a cone 

(2.2) £2 := {x E M n | r(x) > 0 ,oj(x) E S} , 

where S is a Lipschitz domain in the unit sphere § n_1 C R n , n > 2. For x E S, we will 
denote ds(x) the (spherical) distance from x to the boundary of E. Note that 5 n is clearly a 
homogeneous function of degree 1, that is, 

(2.3) Sfi(x) = = rdn(w). 

Since the distance function to the boundary of any domain is Lipschitz continuous, Euler’s 
homogeneous function theorem implies that 

(2.4) x • V5 q(x) = 5q(x) a.e. in Q. 

In fact, Euler’s theorem characterizes all sufficiently smooth positive homogeneous functions. 
Hence, (12.41) characterizes the cones in M n . For spectral results and Hardy inequalities with 
homogeneous weights on M n see [21] . 
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We note that if £ is C 2 , then 

(2.5) 5n{u) = sin (ds(w)) near the boundary of £. 

Indeed, for u € £, let z € dCl such that \z — uj\ = 5q(oj), and let y € <9£ realizes dn(u;). 
Since £ is C 2 , if ui is close enough to <9£, then z is unique and / 0, and the points 0 ,z,y are 
collinear. Moreover, the acute angle between the vectors 0 y and Ou; is equal to ds(w). Given 
that 0 z is orthogonal to ult, by elementary trigonometry in the triangle 0 ,u,y, one gets that 
= sin (d s (w)). 

Let A 5 be the Laplace-Beltrami operator on the unit sphere S := S n_1 . Then in spherical 
coordinates, the operator 

h 


P !' A §2 


has the following skew-product form 

d 2 u 


( 2 . 6 ) 


P/j,u(r,u ) = - 


dr 2 


n — 1 du 1 

rp 2 


- A S u - y 




r > 0, uj € £. 


For any Lipschitz cone the Hardy inequality holds true (as in the case of sufficiently smooth 
bounded domain [23]). We have 

Lemma 2.6. Let Cl be a Lipschitz cone, and let yo := Ao(— A, 5^ 2 , Cl). Then 

(2.7) 0 < y 0 < \ • 

In other words, the following Hardy inequality holds true. 

r _ r \,n \ 2 

( 2 . 8 ) 


[ |V </?| 2 dx > y 0 [ M- dx € C^°(Cl), 

Jn Jn Oo 


where 0 < yo < 1/4 is the best constant. 

Moreover, if Cl is a weakly mean convex domain, then yo = 1/4. 


Proof. Using Rademacher’s theorem it follows that dCl admits a tangent hyperplane almost 
everywhere in dCl. Hence, [231 Theorem 5] implies that 

ho = Ao(—A, 5 n 2 , H) < Aoo(—A, 5 n 2 , Cl) < - . 

We claim that yo > 0. Indeed, denote by CIr the truncated cone 
(2.9) CIr := {x € | 0 < r < R, uj G £}, 

then 

0 < A 0 ,r := A 0 (—A ,S^,Cl R ), 

(see for example, [2H1 123] ) - By comparison, 

ho < Ao(—A, d n 2 , CIr), and 0 < Ao,_r < Ao(—A, <5 n 2 , CIr). 

It is well known that if { Cl k } is an exhaustion of Cl, then 

lim X 0 (P,W,Cl k ) = X 0 (P,W,Cl). 

k —^-oo 


lim Ao(—A, 5 
R—t oo 


-2 
n j 


Mr) = ho- 


Hence, 
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On the other hand, since <5q is homogeneous of order 1 , it follows that Ao(—A, S n 2 , Qr) is 
^-independent. Therefore, 


0 < Ao,i < Ao(— A, 5 n , Ali) = Ao(— A, , Qr) = lim Ao(— A, S Q , Qr) = mo- 

R—>oo 

Consequently, 

Mo = Ao(—A, (5^ 2 , Q r ) > 0. 

Assume further that 0 is a convex cone, or even a weakly mean convex cone. Then it is well 
known that /xo = 1/4 (see for example [3 [24] ). ■ 

Remark 2.7. Clearly, //, is subcritical in 17 for all fi < //q, and by Proposition 15.81 P\/ 4 is 
subcritical in a weakly mean convex cone. We show in Theorem 15.61 that if no < 1/4 and 
EsC 2 , then the operator P /i0 is critical in the cone 12 (cf. |24l Theorem II]). 


3. Positive multiplicative solutions 


As above, let 17 be a Lipschitz cone. By Lemma 12.61 the generalized principal eigenvalue 
^0 := Ao(—A, 5 ^ 2 , 17) satisfies 0 < no < 1/4. We have 

Theorem 3.1. Let n ^ no- Then the equation P^u = 0 in 17 admits positive solutions of the 
form 

(3.1) u±(x) = |x| 7± <j)J 

1 |x| 

where 4>p is a positive solution of the equation 


(3.2) 

(3.3) 
and 

(3.4) 


- A s - 


M 


$0 


U! 


-)<?V = c(m)^ in £, 


(n — 2) 5 


7± := 


< 


cr(p) := A 0 ( - As - ^r, 1, £^ 


2 — n± 


Moreover, if a (fa) > —(n — 2) 2 /4, 7/ien 7/iere are two linearly independent positive solutions 
of the equation P^u = 0 in 17 of the form urn and P / is subcritical in 17. 

In particular, for any fi < Mo we have cr(n) > — 00 . 

Proof. We first note that if u is a positive solution of the form (13.11) . then clearly > 0 and q 
solves (13.21) . and satisfies (13.41) . 

Fix a reference point aq € 12n§ n ~ 1 , and consider an exhaustion {£fc}]'!‘iL 1 CEC §™ _1 of £ (i.e., 
{^fclfcLi is a sequence of smooth, relatively compact domains in £ such that x\ G £& <s £fc+i 
for k > 1 , and U^ =1 £fc = £). 

Fix fi < no- For k > 1, and denote the cone 

W fc := {x € M n | r > 0, u € £ fc } . 

Consider the convex set ICp (V\4) of all positive solutions u of the equation P^u = 0 in 144 
satisfying the Dirichlet boundary condition u = 0on <9W/\{()}, and the normalization condition 
u(x 1 ) = 1 . 

Clearly, for fa < no we have 

M < A 0 (-A,^ 2 ,W fc ) = sup {A € R | K$ (W k ) / 0}. 
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Moreover, P ^ is subcritical in Wk, and has Fuchsian-type singularities at the origin and at 
infinity. Hence, in view of [291 Theorem 7.1], it follows that ICp (Wk), which is a convex compact 
set in the compact-open topology, has exactly two extreme points. 

Next, we characterize the two extreme points of ICp (V\4) using two different approaches. 
First method: We use the results of Section 8 of [22] . Consider the multiplicative group Q := M* 
of all positive real numbers. Then Q acts on V\4 \ {0} (and also on \ {0}) by homotheties 
x i-A sx, where s € Q and x € Wk \ {0}. This is a compactly generating (cocompact) abelian 
group action, and is an invariant elliptic operator with respect to this action on Wk- In 
spherical coordinates, a positive Q -multiplicative function on W k is of the form 

(3.5) f(r,u) =r' r cj)(uj), 

where 7 € R. We note that positive solutions in /Cp^(V\4) satisfy a uniform boundary Harnack 
principle on 5Wfc\{0}. Recall that ICp , (Wk) has exactly two extreme points. Hence, by theorems 
8.7 and 8.8 of [ 22 ], Ao(—A, 5^ 2 , Wk) > £7 and the two extreme points in IC^, (Wk) are positive 
^-multiplicative solutions of the equation P^u = 0 in Wk , and therefore, they have the form 

(3.6) u± t k(r,uj) = r 7 ± ’ fc 0 ±jfc (w). 

In particular, <f)±,k vanish on E*,. 

Using the spherical coordinates representation (12.61) of P fl . it follows, that (p± k are positive 
in E, satisfy 4 > ±,k(xi) = 1, and solve the eigenvalue Dirichlet problem 

(3-7) (-A s - , )(t>±,k = (7±fc + 7±,fc( n ~ 2 ))0±,fc in s fc, </>± = 0 on <9E fc . 

On the other hand, since the operator —A 5 — has up to the boundary regular coefficients 
in Efe, it admits a unique (Dirichlet) eigenvalue au with a positive eigenfunction <pk satisfying 
4>k(xi) = 1. Moreover, &k is simple. In other words, a k and cpk are respectively the principal 
eigenvalue and eigenfunction of —As — in E*,. 

Hence, 4>±,k are equal to (pk, and 

Ok := a k ([J.) = (7±,fe + 7±,fe(™-2)). 

By the strict monotonicity with respect to bounded domains of the principal eigenvalue of 
second-order elliptic operators with up to the boundary regular coefficients, it follows that 
<7 fc (£i) > cr fc+ i(/i). 

On the other hand, since 


(3.8) u± }k (r,u)) = r 7 ± ’ fc ^fc(w) > 0, 

it follows that 7 ^ 7 ^ 7 +,/t, and 7^7 are given by 

2 — n ± yj(n — 2) 2 + Aa k 
T±,fc • 7y 


In particular, 


2 — 71 

7 -,k < 7 -,fc+i < —— < 7 +,fc+i < 7 +,fc and a k > 


(n - 2) 2 
4 


Second method: We only indicate briefly the second approach. We use the results of [26] . 
By (12.61) . the subcritical elliptic operator P^ has a skew-product form in Wk = K+ x E& and 
satisfies the conditions of Theorem 1.1 of [26]. Therefore, the equation P^u = 0 admits two 
Martin functions of the form (13.61) . 
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Now, let k —>• oo. Then 07, \ cr > —(n — 2) 2 /4, and up to a subsequence cf>k —>• locally 
uniformly in £. Clearly, cr does not depend on the exhaustion of £. Recall also that for any 
nonnegative second-order elliptic operator L in a domain D and any exhaustion { D of D we 
have 

A 0 (L,W,D) = lim A 0 (L,W,D k ). 

k—> oo 

Hence, a = ct(p) = Ao( — A5 — p5^ 2 , 1, £). 

Consequently, 7±^ —>• 7±, where 7_ < — (n — 2)/2 < 7 + . Hence, we have that 

lim u±k(r,u})) = lim 'r 7± ’ fc 0/ c (w) = r^cf^ca). 

If 7_ < — (n — 2)/2 < 7 + (or equivalently, o(p) > —(n — 2) 2 /4 ), then we obtain two linearly 
independent ^-multiplicative positive solutions of the equation P^u = 0 in fL In particular, P t , 
is subcritical in H. ■ 

Remark 3.2. Note that for n = 2, £ = S 1 , and p = p 0 = 0, we obtain cr(0) = 0, 7± = 0, and 
Po = — A is critical in the cone M 2 \ {0}. 

Remark 3.3. Let S be a bounded domain in a smooth Riemannian manifold M, and let ds be 
the Riemannian distance function to the boundary <9£. If £ is smooth enough, then the Hardy 
inequality with respect to the weight (ds)~ 2 holds in £ with a positive constant Ch (34] . A 
sufficient condition for the validity of a such Hardy inequality is that £ is boundary distance 
regular , and this condition holds true if £ satisfies either the uniform interior cone condition or 
the uniform exterior ball condition (see the definitions in (34]). For other sufficient conditions 
for the validity of the Hardy inequality on Riemannian manifolds see for example [25 j. 

Hence, if the cone H A M n \ {0} is smooth enough, then £ C § n_1 is boundary distance 
regular. So, for such £ C S’ 1 " 1 , there exists C > 0 such that — As — Cd^ 2 > 0 in £. Note that 
ds(u>) x Sq (cj)|e in £, therefore, — As — Ci5q 2 > 0 in £ for some C\ > 0. 

In the sequel we shall need the following lemma concerning the criticality of the operator 
: = -As - P^f? ~ t(/j) in £. 

Lemma 3.4. Consider the operator = —A s — pd^ 2 ~ a (p) on E. Then 

(1) We have 

(3-9) po = A 0 ( - A 5 + <^ 2 , £). 

(2) Assume that £ E C 2 , and po < 1/4. Then cr(po) = — (n — 2) 2 /4, and is critical in 
£ with ground state (p^ 0 E L 2 (£, S^ 2 dS). 

(3) Assume that £ E C 2 , and po = 1/4. Then Ci/ 4 is critical in £ with ground state 
4> 1/4 € L 2 (£, <5^ 2 log(dn)4 1+< 9dS') J where e is any positive number. 

(4) Assume that /1 < po, then is positive critical in £. That is, admits a ground state 
(fn in £, and E L 2 (£). 

In particular, in all the above cases, is (up to a multiplicative constant) the unique positive 
(super)solution of the equation C^u = 0 in £, and E P 2 (£). 

Proof. 1. To prove (13.911 we note that Theorem 13.11 implies that for p < po there exists <pn 
positive solution of 

T^u = f - A s - - cr(pj)u = 0 in £, 
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and since for any /i < /j,q, we have cr{n) > —(n — 2) 2 /4, it follows that is a positive superso¬ 
lution of the equation 


C-iiU — ( As 2 


/i (n — 2) 2 


u = 0 in E. 


Thus, by the AAP Theorem (Theorem 12.11) we get, 

(" - 2) 2 c—2 


Mo < A 0 ( - A si-^ , 5 n 2 , e). 


Let us now take fj, > mo 5 and assume by contradiction that —As + (n — 2) 2 /4 — > 0 in E. 

Then by definition, there is a positive solution of the equation 


°n 


H (n — 2) 2 


u = 0 in E. 


If one defines 


ip(x) = Ixl*' 2 n ' )//2 <?i>p 


then it is immediate to check that ip is a positive solution in Q of 




in fi. 


This implies that 

A 0 (—A, <5^ 2 , 0) > n > no, 

a contradiction. Thus, the operator —A5 + (n — 2) 2 /4 — /i,<5q cannot be nonnegative in E for 
H > no, and this implies that 

(n — 2) 2 


Mo > A 0 ( - A 5 H---,<5 0 2 ,Ey 


Hence, ()3.9I) is proved. 

2. Since 

ds(x) ~ dn(x) as x € E, ds(x) 0, 

and in light of the proof of [ 211 Theorem 5], our assumption that E is C 2 implies that 


1 


which in turn implies that 


On the other hand, by part 1 we have 

An ( ~ A s + 


A00 ( As, 5^ , E) — , 


Aoo( - A g + (n , 2)2 ,ft: 2 ,E) = 


l 

4' 


(n~ 2 ) 2 


'^n ) — Mo- 


Hence, our assumption that Mo < 1/4, implies that there is a spectral gap between the bottom 
of the L 2 (E, J^ 2 dS')-spectrum and the bottom of the essential spectrum of the operator — As + 
(n — 2) 2 /4 in E. Consequently, the operator —As + (n — 2) 2 /4 — /io<5q 2 is critical in E, with 
ground state /> /iQ € L 2 (T,,d^ 2 dS). Clearly, the criticality of —As + (n — 2) 2 /4 — /ro^s/ 2 in LI 
implies that 
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and the second part of the lemma is proved. 


Before proving part 3, we prove the fourth part of the lemma. 

4. The assumption fJ- < fJ -o clearly implies that Aoo (—As — /a5q 2 , 1, X) = oo. Hence, 

j—*- < ct(m) = A 0 ( - A 5 - l,x) < Aoo (-As - /z<5^ 2 ,1,X) = oo. 

Since Ao (respect. A^) is the bottom of the (respect, essential) L 2 -spectrum of the operator 
—As — /«5^ 2 in X, it follows that the operator is critical in X, and (j(n) is the principal 
eigenvalue of the operator —As — /i<5q 2 with principal eigenfunction € L 2 (X). Hence, the 
operator is positive critical in X. 

3. The proof uses a modification of Agmon’s trick 03 Theorem 2.7], see also [241 Lemma 7]). 

In order to prove that Aoo(—A g — l/(4<5^), 1, X) = oo, we will show that for suitable positive 

1 /2 

constants c, e, the function Sq — 5q/2 is a positive supersolution of the equation 

(3,0) (_ As __U_A)„.„ 

in a sufficiently small neighborhood of the boundary of X. 

We start by denoting a tubular neighborhood of <9X having width f3 > 0, by 


Xs := {uj € X | ds(cj) < /?}. 

Recall that since X is C 2 , there exists /3* > 0 such that d^ € C 2 in X^*. In particular, —Asds 
is bounded on X^„. Also |Vsds| = 1 and 6q = sin(ds) (by (I2.5j) ). both on X^. We may thus 
compute 

- Asfe = cos(d E )A5d E - sin(ds) on X^„ 
which implies that A sSq is also bounded on X^. In particular, we have 
(3.11) — As8q,(uj) > —h for all u G X^, 


for some h > 0. Now let c, e > 0 and compute on X^ 


— A# — 


_£\ / M/2 _ 

45 2 6^)^ 2 ) 


4(5; 


1 (1 - IVsfcp) - -W(l - 4 /2 )A s 3„ + A- - oS 7 2 -' + r -S a 


1—e 


3/2 


2(5, 


n 


> - 


Pi 


h M/2x 1 


) + ^r-« 5 , 




1/2—e 


+ —<5« 


l—e 

n ■ 


where we have used the fact that 1 — |V,s<5n| 2 = sin 2 (ds) < Pi on X^ and also (13.111) . Clearly, by 
fixing e in (0, 3/2) we obtain that this estimate blows up as u; G X^ approaches the boundary of 

1 /2 

X. Thus, for a smaller /3* > 0 if necessary, we proved that 6q — Sq/2 is a positive supersolution 
of (13.101) in X^. The APP theorem (Theorem 12. II) implies 





V 2 dS > c 



(ZJ 2 

TF dS 

6 n 


(3.12) 


€ C7 0 oo (X j g.) 
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which together with lim d2 8 n e (u) = oo imply that 


Ac 


’( As 4 


= oo. 


As in the proof of part 2 , one concludes that C = A 5 — l/(4<5^) — cr(/i) is critical, with ground 
state 0 X /4 £ L 2 (E). 

It remains to show that in fact, <j>\u £ L 2 (E, <5^ 2 log _ ( 1 +e )(<5n)d(S). In fact, the arguments 
used in the proof of [Ml Lemma 9] show that, as ui € E and 8q(lu) —>• 0 , 

01/4 (w) - 4 /2 ( W )' 

This implies that (fi/ 4 £ L 2 (E, <5 (^ 2 log _ ( 1 +e 4(<5n)d5) for any e > 0. ■ 


Proposition 3.5. Let c(/i) = Ao(—As — 1, E). T/ien 

(1) <r(/i) > —(n — 2) 2 /4 /or any /r < hq, and if E £ C 2 and hq < 1/4, f/ien <r(//o) = 
— (n — 2) 2 /4. 

(2) <r(/i) = —00 for any [i > 1/4. 

(3) //E £ C 2 , f/ien <r(/r) > —00 /or all n < 1/4. 


Proof. 1. Recall that by Lemma 12.61 we have that 0 < /io < 1/4, and by Theorem 13.11 oh > 

— (n — 2) 2 /4 for all /i < hq. Moreover, by Lemma l3~4l if E £ C 2 and /iq < 1/4, then a{/i 0 ) = 

— (n — 2) 2 /4. In particular, for such we have that ct(//) is finite. 


2. Let fj, > 1/4, and suppose that cr(/x) is hnite. Then one can hnd a positive function <f 
satisfying 

(-As - //<^ 2 - cr(n))<j) = 0 in E. 

Take e > 0 such that fi — e > 1/4. Clearly, 


lirR = 00 , 

L 


and 


r fa(w) 

lim 

u>— >c9E ds(x) 


where ds is the Riemannian distance to the boundary of E. Hence, <f is a positive supersolution 
of the equation 

(-As - (// - e)ds 2 )« = 0 

in a neighborhood of infinity in E. 

On the other hand, as in [E4|, if E is a Lipschitz domain, then Aoo(—As, d^ 2 , E) < 1/4. 
Consequently, for such e, one gets a contradiction to Aoo(—As, d^ 2 , E) < 1/4. 

3. Suppose first that /jl < 1/4. Recall that since E £ C 2 we have 

Aoo(-As,^ 2 ,E) = A 00 (-As,d^ 2 ,E) = 1/4. 

Take e > 0 such that n + e < 1/4. Let / be a positive solution of the equation 


( - As - (n + s)d n 2 )u = 0 


in a neighborhood of infinity in E, and let / be a nice positive function in E such that <j) = (b 
in a neighborhood of BE. Then for a large enough, <f is a positive supersolution of the equation 
(—As — /t<5 ^ 2 4" (J ) U = *4 i R Hence <r(//) > —00 for all fi < 1/4. 

1/2 

Suppose now that // = 1/4. By (13.101) . if := 8^ — 5n /2 is a positive supersolution of 




u = 0 
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outside a compact set K £ d £. Let ip be a nice positive function in £ such that ip = ip in a 
neighborhood of 9£. Hence, for <r large enough, ip is a positive supersolution of the equation 
(—A s — l/4<5^ + u)u = 0 in £. Hence <x(l/4) > — oo. ■ 

Remark 3.6. In Lemma 13.41 and Proposition 13.51 it is assumed that £ € C 2 . The extension 
of the proposition to the class of Lipschitz domains remains open. We recall that by the recent 
result of G. Barbatis and P. D. Lamberti [8] Proposition 1], the Hardy constant of a bounded 
domain is Lipschitz continuous as a function of bi-Lipschitz maps that approximate the domain. 
It seems that finding for a given Lipschitz domain a uniform bi-Lipschitz smooth approximation 
is a nontrivial problem: we note that in m Theorem 1], the authors prove the existence of 
approximation of Lipschitz homeomorphisms by smooth ones in the W 1,p topology for p < oo. 
However, to apply the results in |8], we should need bF 1,00 -approximations. 


We conclude the present section with the following general result that provides us with a 
sufficient condition for the criticality of a Schrodinger operator on a precompact domain. For a 
general sufficient condition see [ 30] . 


Lemma 3.7. Let P = — A + V be a nonnegative Schrodinger operator on a compact Riemannian 
manifold with boundary M, endowed with its Riemannian measure dx. Denote by 5 = 5 m the 
distance function to the boundary of M. Assume that M € C 2 , V is smooth in the interior of 
M, and that the equation Pu = 0 in M admits a positive solution (p € L 2 (M, <5~ 2 log -2 (d) dx). 
Then, P is critical in M with ground state cp, and furthermore, there exists a null-sequence 
{(pk}'kLo f or P, which converges locally uniformly and in L 2 to p. 


Proof. If q denotes the quadratic form of P, then using the ground state transform (see for 
example m ) we have for every p € Cq°(M ), 

q(cpp) = [ <p 2 \V(p\ 2 dx. 

■Jm 

This formula extends easily to every Lipschitz continuous function tp which is compactly sup¬ 
ported in M. For k > 2, let us define v & : M+ —>• [0,1] by 


Vk(t) 


' 0 

, 1 | log (kt) 
log k 

1 


0 < t < 1 Ik 2 , 

1/k 2 < t < 1/k , 
t > 1/k. 


Note that 0 < Vk(5) < 1, and {vk{5)}k>2 converges pointwise to the constant function 1 in M. 
Define 

(pk ■= v k {5)(p , 

then, using that (p € L 2 oc , one sees that {</>fc}^£ 0 converges locally uniformly and hence in L 2 oc 
to <p. We now prove that {(/>fc}££ 2 i s a null-sequence for P, which implies that P is critical 
with ground state <p. If K d M is a fixed precompact open set, then clearly, there is a positive 
constant C such that, for k big enough, 

[ (pldx-1. 

Jk 

Thus, in order to prove that {( Pk}/f = 2 is a null-sequence for P , it is enough to prove that 
(3.13) lim f (/> 2 |Vufc(<5)| 2 dx = 0. 

° J M 
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Since |V<5(x)| < 1 a.e. in M, it is enough to show that 

lim f tf 2 \v k (5)\ 2 dx = 0. 
fc->oo J M 

We compute 

[ (j) 2 \v' k (S)\ 2 dx = I ( J . ) dx < 4 f ( ) dx. 

Jm J{l/k 2 <5<l/k} V(51og (k)j J{ 5 <l/k} ^ log (S)j 

By our hypothesis, the function f 2 b~ 2 log~ 2 (J) is integrable on {5 < 1/2}, hence, 

lim f ( ^ ) dx = 0, 

k ^°° J{8<l/k} kdlog(d)/ 

which shows (13.131) . Thus, {4>k}k> 2 is a null-sequence for P. ■ 

4. The structure of IC° p (Cl) 

As above, let Cl be a Lipschitz cone. By Lemma 12.61 the generalized principal eigenvalue 
po := Ao(—A,5() 2 ,C1) satisfies 0 < po < 1/4. 

For p < p 0 , denote by /Cp (Cl) the convex set of all positive solutions u of the equation 
P^u = 0 in 11 satisfying the normalization condition u{x i) = 1, and the Dirichlet boundary 
condition u = 0 on <9C1\{0} in the sense of the Martin boundary. That is, any u E /Cp (C1) has 
minimal growth on <9C1\{0}. For the definition of minimal growth on a portion F of <9C1, see [29]. 

If po < 1/4 and S is C 2 , then in Theorem 15.61 (to be proved in the sequel) we show that 
the operator P^ 0 is critical in Cl, and therefore the equation P /(Q u = 0 in Cl admits (up to a 
multiplicative constant) a unique positive supersolution. Moreover, by Theorem l3.ll the unique 
positive solution is a multiplicative solution of the form (13.11) . 

The following theorem characterizes the structure of a € JCp (£1) for any p < /jq. 

Theorem 4.1. Let p < po < 1/4. Then /Cp^(Cl) is the convex hull of two linearly independent 
positive solutions of the equation P^u = 0 in Ll of the form 



where (j)^ is the unique positive solution of the equation 


(4.2) ( - As - ^rjy) = cf/O'/V in 

(4.3) - ^ ^ < a(p) := A 0 ( — A 5 - J-, 1, s) , and 

( 4 . 4 ) 7± : = ^-n±V(2-ny + 4a(p) 

Proof. The assumption p < p 0 implies that the operator P 4 is subcritical in Cl. In particular, 
p < 1/4, and therefore, there exists e > 0 such that the operator P^+e is subcritical in a 
small neighborhood of a given portion of SCI \ {0}. Since the operator P / and the cone Cl are 
invariant under scaling, it follows from the local Harnack inequality, and from the boundary 
Harnack principle of A. Ancona for the operator P / in Cl [4] (see also f6j) that the following 











OPTIMAL HARDY INEQUALITIES IN CONES 


15 


uniform boundary Harnack principle holds true in the annulus Ar C Cl. 
(independent of R ) such that 


(4.5) 


C-llM < C -ih4 < C V M Vz,y G Ar. 


v{y) 


u(y) v(y) 


There exists C > 0 


for any u, v € /Cp (0) and R > 0. 

Hence, we can use directly the arguments in [29] to obtain that in the subcritical case the 
convex set K^p (Cl) has exactly two extreme points. Moreover, we can use directly the method 
of p2l Section 8 ], to obtain that u is an extreme point of ICp (Cl) if and only if it is a positive 
multiplicative solution in /Cp (fi). Thus, the two extreme points of /Cp (fi) are of the form 


u±(x) = 

where > 0 in E, and solves the equation 



(4.6) ( - A 5 - J 1 ) (j)± = a±(j)± in E, 

(4.7) - ^ ^ <(?±< a(y) := A 0 ( - A s - 1 , e) , and 


.. . 2 — n ± \J(n — 2) 2 + 4<r± 

( 4 - 8 ) 7± •=- 2 -' 

If 7 + = 7 _, then (14.511 implies that u + x tt_. Since u±(x) are two extreme points, and 1C 0 P ^(CI) 
has exactly two extreme points, it follows that 7 + ^ 7 _. Therefore, a± = a, where — (n— 2) 2 /4 < 
a < a(y) and 7 ± satisfy 


(4.9) 


7± : = 


2 - n± ^(71-2)2 + 4(7 
2 


Moreover, since <^>- 1 - solve the same equation in E, and K}p (Cl) has exactly two extreme points, 
it follows that <j)± = (f>. 

Note that by Lemma 13.41 </> is a positive solution of minimal growth near <9E if and only if 
a = (t(h). On the other hand, u± have minimal growth near dCl \ {0}. Therefore, (f> = and 
a = a(y), where 4+ is a ground state satisfying (14.21) . and a(y) and 7 - 1 - satisfy (14.311 and (14.41) . 
respectively. ■ 


5. The main result 

The present section is devoted to our main result concerning the existence of an optimal 
Hardy weight for the operator P ^ which is defined in a cone Cl. In Theorem 15.41 we prove the 
case where y < yo and Cl is a Lipschitz cone, while in Theorem 15.61 we prove the case y = yo 
under the assumption that E £ C 2 . 

Let us recall that by Theorem 13.11 if y < yo, then 

a(y) :=A 0 ( —A —|-,1,E) > 

and there exists a positive solution q !+ of the equation 

( - AS - - o -(+))u = 0 in E. 
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Furthermore, by Lemma 13.41 the operator 


h 


£:=£» = -A 5 - Tj ~ <?{p) 

is critical (for any p < po, and also for p = p o if in addition T, € C 2 ), and q^ is the ground 
state of C. 

We first prove. 

Proposition 5.1. Let ft be a Lipschitz cone. Let p < po, and let 

(2 - n) 2 + 4cr(/r) 


(5.1) 


X(p) := 


Then X(p) > 0, and the following Hardy inequality holds true in fi: 

(5.2) f \V<p\ 2 dx - p [ dx > \{p) [ ^ dx VpGCS°(n) 

Jfl jfl Oq Jfl \x\ 


Proof. The fact that A (p) > 0 follows from a(p ) > — (n — 2) 2 /4, which has been proved in 
Theorem 13.II Dehne 

i>(x) = |x| (2 " n)/2 ^ M , 


Then, taking into account that 


- A s - cr(p) - 


Jf_ 

i> 2 

°n 


= 0 


in S, 


and writing Pf in spherical coordinates ( 12 .fill , it follows that if is a positive solution of the 
equation 

(P M — X(p)\x\~ 2 ) u = 0 in fL 

Thus, the operator Pf — A( / u)|x | -2 is nonnegative in ft, and so (15.211 holds by the AAP Theorem 
(Theorem 12. ip . ■ 

Remark 5.2. In the case p < po, the Hardy inequality (15.2p can be obtained using the super¬ 
solution construction of [13]: indeed, by Theorem 14.11 the equation P^u = 0 has two linearly 
independent, positive solutions in fl, of the form 

u±(x) = |*P^(o)- 

By the supersolution construction ( [131 Lemma 5.1]), the positive function 

“i /2 : = ( u+u -) l/2 = l x l ( 2 _n)/ 2 ) ^(w|) 


is a solution of 


It is easy to check that 


Pu~ 


\u = 0 


IV (u+/u-)\" 

4 {u+/u-f j 

|V (u + /u _)| 2 A (p) 


in 12 . 


A(u + /u-Y 1^1 


\2 U |2 > 

and by the AAP theorem, the Hardy inequality (15.2|) holds. 
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Remark 5.3. In the case p < po, the Hardy inequality (15.21] can also be obtained using spherical 
coordinates, Fubini’s theorem, and the well-known one-dimensional Hardy-inequality 

'n — 2\ 2 


(5.3) 


/‘OO 

/ (v'fe- 1 

Jo 


dt > 


v 2 t n ~ 3 d t, 


valid for all functions v € H 1 (M + ) that vanish at oo, one easily obtains (15.21) for any /i£t. 

Indeed, suppose that p € Then we have that pz r , the restriction of ip on E r , is in 

C£°(E). Consequently, by the dehnition of cr(p), it follows that for all p £ and each 

r > 0 we have 


/ |V^| 2 d S r -p 

hr JXr W) 


d S r >a(p) j p 2 dS r . 


Multiplying this by r 2 and integrating in 

'•oo r lV7 ,„|2 


/*oo r 

Jo J s 7 


l^.dS-d r-„rf 

Jo is, 


with respect to r, we arrive at 

2 ° r ,„2 


<P 


/Er T * -io JE r 

Recall that in spherical coordinates we have 


■ d S r dr > a 


(a*) f°°f ^ 

JO r 2 


dS’r dr. 


iv»>i 2 = ^ 

and taking into account (12.31) . the last inequality is written as follows 


/* /* 2 p 2 

/ |V(^| 2 dx-/i / ^-di>(i(/i) ri2 dx 
Jn Jn <%( x ) Jn \ x \ 


+ / / ^r^drdS, 

E JO 


where we have used Fubini’s theorem on the last term. Applying (15.311 in the inner integral of 
the last term and using Fubini’s theorem again, we obtain (15.211 for any /i£l. 

We now investigate the optimality of the Hardy inequality (15.211 when p < po. 

Theorem 5.4. Let H be a Lipschitz cone, and let p < p$. Then A (p) > 0. Furthermore the 
weight W := A(/i)|x|~ 2 is an optimal Hardy weight for the operator P^ in Ll in the following 


sense: 


(1) The operator P ^ — A(//)|x| 2 is critical in i.e., the Hardy inequality 

M 2 


[ \Vp\ 2 dx- p [ 
Jo, Jn 


9 dx > / V{x)\p\ 2 dx 
n °n Jn 


Vp € Co°(f2) 


holds true for V >W if and only if V = W. In particular, 

1 
|x| 


A 0 (p /i ,^,H) =X(p). 


(2) The constant A (p) is also the best constant for (15.2p with test functions supported either 
in LIr or in LI \ LIr, where LIr is a fixed truncated cone of the form (12.91) . In particular, 


An 


^70 |„|2 ’ ^ ) — Kh )- 


(3) The operator — X(p)\x\ 2 is null-critical at 0 and at infinity in the following sense: 
For any R > 0 the (Agmon) ground state of the operator P^ — A(/r)|a;|~ 2 given by 
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satisfies 

f (|Vp | 2 - da: = f _Vu | 2 - dx = oo. 

Jn R V J Jn\n R \ d n J 

In particular, the variational problem 

f n \V<p\ 2 d X - pf n l -&dx 

inf - —-- 

<pev^(U) 

does not admit a minimizer. 

(4) The spectrum and the essential spectrum of the Friedrichs extension of the operator 
W~ l P R = X(fj,)~ 1 \x\ 2 P fi on L 2 (fil,W dx) are both equal to [l,oo). 

Remark 5.5. As is pointed out in Remark 15.21 if fi < (jlq, then the Hardy inequality (15.21) can 
be obtained by applying the supersolution construction from m- Thus, Theorem 15.41 extends 
Theorem o to the particular singular case, where H is a cone and P R is the Hardy operator 
(which is singular on <9H). 



Proof of Theorem \5.4\ In light of our assumption that p, < pq < 1/4, it follows the operator P R 
is subcritical in H. Moreover, by Theorem 14.11 c(/r) > —{n — 2) 2 /4, so \{fi) > 0. For such a p, 
consider the operator C = on T, C § n_1 defined by 

C = -A s - ^ - a(n), 

with the corresponding nonnegative quadratic form 

Qc(ip) = f ^IV^V’I 2 - -°'(A t )lV , | 2 'j dS 1 where G C™(E). 

Notice that by Lemma 13.41 L is critical in £ with the ground state € L 2 (£). We normalize 
<f> R so that f s 0 2 d S = 1 . 

On the other hand, it is well known that the operator 


n := -- 


d 2 


n 


— Id (n — 2) 2 


0^2 j* Qj' 

+ , and r ^ 2 ” n ^ 2 is its ground state . Indeed, the corresponding quadratic form q-jz 


is critical on 

of IZ (endowed with the measure r n ~ l dr) is given by 


[C 

Qk(u) = / 
Jo 


(u'f - 


r n ~ 1 dr 


u G C?(R+), 


and gives rise to the critical operator 1Z on M + . 

Recall that in spherical coordinates P R — W has the following skew-product form: 


P, L — H = IZ ® Ig — 




d 2 n — 1 d (n — 2) 2 


dr 2 


dr 


4 r 2 


H-9 A 


where X 4 is the identity operator on A. Consequently, it is natural to construct a null-sequence 
for P /t — W of the product form 


Wk ( r , w )}feL 1 = {Mr)Mu)}™= i 

that converges locally uniformly to r^ 2 ~ n ^ 2 Aoj) , and by Theorem 12.41 this implies that the 
operator P^ — W is critical and r ( ' 2 ~ n ^ 2 <f fl (uj) is its ground state. 
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Let {iifcMIfcLi be a null-sequence for the critical operator 1Z on M + , converging locally uni¬ 
formly to r( 2_n )/ 2 . So, 

qn(uk) ^ 0, (u fc ) 2 r n_1 dr = 1. 

On the other hand, let {<fik{u)} ( jZL 1 be (up to the normalization constants) the sequence of ground 
states defined by (13.71) on X*., so that 


/ 4>ldS = l, and qci^k) = (°k{v) ~ °(v)) / <j>ldS->■ 0. 

7s 7 s 

Note that the normalization of (f>k is different from the one used in the proof of Theorem 13.11 
Recall that the operator £ M0 = —A s — VoOq 2 — &(vo) is nonnegative on X. Therefore, 

V°{Vo) r r u -' 2 


Mo 


(5.4) 

On the other hand, 

(5.5) 

By (15.41) and (15.51) we get 


(p k dS + ii 


£ <*n 


dS < — / \VM 2 dS. 
Vo 7 s 


\VM 2 dS = a k [ tfidS + v [ S 
7s 7s On 


(5.6) (i - A) f |v„«Ms < R. - lAw)) f 02dS < ffl _ 

v Mo 7 ,/s v Vo J Jt, Vo 

Since /i < (j,q, one gets that {</>*,} is bounded in W 0 1,2 (X), and therefore (up to a subsequence), 
{4>k} converges, in L 2 and locally uniformly to 4>, a positive solution of Cu = 0 in X with 
f E 4> 2 d S = 1. Since C is critical in X, 4> = Hence, by the Harnack inequality, 



d5xl, 


and therefore {</>&} is a null-sequence. 


We claim that there exists a subsequence {k{\ C N, such that {ui(r)cf) kl (w)} is a null-sequence 
for the operator P^ — W in H that converges locally uniformly to ri 2-n )/ 2 (^(u;). 

Indeed, fix the pre-compact open set B := {(r, ui) \ r € (1,2), w € Xi}. Note that for the 
quadratic form Q of P^ — W in if u = u(r) is compactly supported in R + and ^ = ip(ui) is 
compactly supported in X, we have 


Q(u(r)ip(uj)) 


Qn{u) HV’Hl + 



OcWO- 


For each k, notice that by definition of a null-sequence, u k is compactly supported in M + . 
for l > 1, let {ki}'^ zl be a subsequence such that 


So, 


QniufiWfatWl = Qk{ui) < y , 

and 

(ii ( r ) r?l ^ 3 dr ) OcOfoi ) < y • 

Thus, lim^ooQ^r)^^)) = 0. 

On the other hand, {^(r)^} converges uniformly in B to the function ri 2_n i/ 2 0^(a;), hence, 

Is {uiir^k^u)) 2 dx x 1 . 
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Therefore, is indeed a null-sequence for P ^ — W. It follows that — IT is 

critical in D with the ground state Moreover, since 1Z is null critical around 0 

and oo it follows P^ — IT is in fact null-critical around 0 and oo. 

Next we prove that the spectrum of W~ l P^ is [l,oo). Let us keep our assumption that is 
normalized so that 11 (pn \ \2 = 1. If £ G M, then it easily checked (cf. [13]) that 

h^!) (r »-T- 1/2 = 0 , 

therefore, 

(5-7) - (l + W ) ((r n - 2 )«- 1/2 ^(w)) = 0. 

Define the subspace £ of L 2 (D, IT dx) consisting of all functions of the form rt(r)0 /i (cu), where u € 
L 2 (M + , r n ~ 1 X(ii)/r 2 dr). We are going to define a spectral representation of W~ 1 P I1 restricted 
to the subspace £. Notice that the measure on £ is r n_1 A(/x)/(r 2 ) dr <S> dS, so that 

£ = L 2 ^M_|_, r n_ 1 - dr^ ® span{0 M }. 

Recall that the classical Mellin transform is the unitary operator A4 : L 2 (M+) —>• L 2 (M) defined 
by 

1 f°° 

Mf(£) = -= / f(r)r*-V 2 dr. 

V27T JO 

Consider the composition C of the unitary operator 

U : L 2 (R + ,r n - L ^-dr^ -A L 2 (M+) 

given by 

f{r) HA 

with the Mellin transform M. Define 

r : £ L 2 (M); 7>(r)^( W )) = (Cu)({) = (m(U(u)))({). 

So, T is a unitary operator. By (15.71) . the operator T{W~ 1 P fl )T~ 1 is the multiplication by the 
real function (l + (n — 2) 2 £ 2 /(4A(/r))) on L 2 (M), with values in [l,oo). Therefore, the spectrum 
of W~ 1 P fl , restricted to £ is [1, 00 ). So, the spectrum of W~ 1 P^ on L 2 {£1, IT dx) contains [1, 00 ). 
But the Hardy inequality (15.21) implies that the spectrum of W~ l P^ must be included in [1, 00 ). 
Hence, the spectrum of W~ l P^ on L 2 (£l,W dx) is [l,oo). 

For k>2, define the subspace £\- (resp. £\/k) of L 2 (Q, W dx) consisting of functions of the 
form u(r)(j)(ui), where u G L 2 ((fc, 00 ), r n_1 A(^)/r 2 dr) (resp. u G L 2 ((0,1/A:), r n ~ l A(/r)/r 2 dr)). 
Denote by Vk (resp. V\/k) the restriction of P ^ to £& (resp. £ 1 / fc ), with Dirichlet boundary 
conditions at {k} x S (resp. at {1/A;} x £). Notice that by symmetry considerations (under 
x eA x _1 ), the spectrum of W~ 1 'Pk and the spectrum of W~ L Vi/k are equal. Moreover, by the 
fact that the essential spectrum is stable under compactly supported perturbations, and since 
the discrete spectrum of W~ 1 P^ l is empty, the spectrum of fT -1 !^ is equal to the union of 
the spectrum of W~ L Vk, and of the spectrum of W~ 1 'Pi/ k . Thus, the spectra of W~ l Vk and 
W~ l Ti/k are both equal to [l,oo). 


^(^) ff r l/{n-2)\ 

n — 2 J 
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Also, the best constant Co for the validity of the Hardy inequality 

[ ( |V</f - -wV 2 ) dx>C 0 [ Wy 2 dx € CS°(V 0 ), 

Jvo V / Jvo 

in Vo, an arbitrarily small neighborhood of zero, is equal to the bottom of the essential spectrum 
of W~ l Vi/k (for any k > 2). Thus, it is equal to 1. Similarly, using W~ l V k instead, one 
concludes that the best constant Coo for the validity of the Hardy inequality 

[ ( |Vv| 2 - £<p 2 ) dx > Coo / W<p 2 dx Vy> € C 0 oo (V oo ), 

JVoo V J Jv oo 

in Voo, an arbitrarily small neighborhood at infinity, is equal to 1. This finishes the proof of 
Theorem 15.41 ■ 


We now turn to the case fi = fi o, for which we need to assume more regularity on £. 


Theorem 5.6. Assume that £ € C 2 . 

1. If Ho < 1/4, then X(ho) = 0 , and the operator P IMj is critical in H, and null-critical around 
0 and oo. In particular, the Hardy inequality 

I \Vtp\ 2 dx>no f |Jdx V^GC 0 °°(H), 

Jn Jn d n 

cannot be improved. 

2. If no = 1/4 and A(l/4) = 0 , then the operator P\u is critical in Tt, and null-critical around 
0 and oo. In particular, the Hardy inequality 

[ |Vydx>i [ £dx V99€C 0 °°(H), 

Jn 4 Jn 

cannot be improved. 

3. If Ho = l / 4 and A(l/4) > 0 , then the weight W 1/4 := A( 1 /4)|cc| 2 is optimal in the sense 

of Theorem |5./[ In particular, the Hardy inequality (|5.2D cannot be improved. Moreover, The 

spectrum and the essential spectrum of the Friedrichs extension of the operator (H r 1 / 4 ) _ 1 Pi /4 on 

L 2 (H, W //4 dx) are both equal to [l,oo). 


Proof. Denote W (x) := A(/Xo) |x| 2 . Let us start by proving that in all cases, P /10 — W is critical. 
Recall that in spherical coordinates P^ 0 — W has the following skew-product form: 


p IMj -w = n 


>Ze- 


1 c = 


dr 2 


n — Id 


(n-2) 2 1 


r dr 4r 2 

So, as in the first part of the proof of Theorem 15.41 it is natural to construct a null-sequence for 
Pfj ,o — W of the product form 


Wk(r,uj)}^ =1 = {u k {r)(j) k {u)}^ =1 

that converges locally uniformly to r ( ' 2_T d' /2 </ /i0 (u). 

As in the proof of Theorem 15.41 let {u k ( r )} < k Li be a null-sequence for the critical operator IZ 
on M_|_, converging locally uniformly to A 2 ~ n ^ 2 . So, 

(u k ) 2 r n ~ 1 dr = 1 . 



<m(u k ) ->■ 0, 
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However, the definition of {4>k} differs from the one of Theorem 15.41 Let us normalize (j)n 0 so 
that f s </ 2 0 d5 = 1 (by Lemma l3~41 f/> /t € L 2 (S)). By lemmas [3.41 and l3Tl there exists a null- 
sequence {<f>k} for C w , converging locally uniformly and in L 2 (E) to L /i0 . Thus, normalizing < j> k 
so that 

[ <t>ldS = l, 

■Jt, 

one has for k large enough, by the Harnack inequality, 



dS 1 x 1. 


Let B = {(r, w) | r € (1, 2), ui € Si}. We now choose the subsequence { ki } C N as in the proof 
of Theorem 15.41 let {ki}f2 zl be a subsequence such that 

Q'R.i'utiW&kiWl = Qk{ u i) < y i 

and 

(J u‘f{r)r n - 3 dr S J qc^kj < y • 

The same computation made in the proof of Theorem 15.41 shows that 


lim Q(ui{r)<j) kl {u)) = 0, and / (ui(r)4> k (ui)) 2 dx x 1, 

Z-KX) J B 

so that {ui(r)(j)f C i(u)}f2 =1 is indeed a null-sequence for P y — W. It follows that P^ — W is critical 
in 14 with a ground state A 2, ~ r d/ 2 ^(w). Moreover, since 1Z is null critical around 0 and oo it 
follows Ty — W is in fact null-critical around 0 and oo. 


1. Assume now that /lq < 1/4. By the first part of the proof, the operator P y — A(^)|a;|~ 2 is 
critical, and null-critical around 0 and oo. By Lemma 13.41 <t(//o) = — (ro — 2) 2 /4, so A(/io) = 0. 
It follows that P, M) is critical, and null-critical around 0 and oo. 


2. Suppose that /lq = 1/4, and A(l/4) = 0. Then by the first part of the proof, the operator 
P\/a = Pi/a — A(l/4)|x|~ 2 is critical, and null-critical around 0 and oo. 

3. Assume that po = 1/4, and A(l/4) > 0. Then following the proof of Theorem 15.41 one 

concludes that W is an optimal weight for Pi/ 4 . ■ 


In the particular case of the half-space we can compute the constants appearing in theorems !5.4l 
and 15.61 


Example 5.7 (see m Example 11.9] and [H]). Let 14 = K", /J, < no = 1/4 and consider 
the subcritical operator P y := —A — /ix y 2 in 14. Let a+ be the largest root of the equation 
a(l — a) = /i, and let 

77 (n) := n — 1 + \/\ — 4/r = n — 2 + 2 a + . 


Then 


vq(x) := x“ + , vi{x) := x°/ + \x\ 

are two positive solutions of the equation P^u = 0 in 14 that vanish on <914 \ {0}. 

Therefore, A(/i) = i] 2 (n)/ 4, and for n < no = 1/4 we have the following optimal Hardy 
inequality 


IY7,„I 2 a„ 


, f t. 




rj 2 (n) f cp 2 


W,oC/ r 7t»/Tn>n'< 
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In particular, the operator —A — px l 2 — A(/r)|x| 2 is critical in K” with the ground state 
tp(x) := x^ + Ix^ 71 ^/ 2 . Note that for /i = 0we obtain the well known (optimal) Hardy inequality 
(see [271 1 

f 2 r 2 

/ |V(^| 2 dx>- f^dx V</? € C'o°(M”), 

Jr" 4 J r™ FI 

while for p. = po = 1/4 we obtain the optimal double Hardy inequality (see |18| ) 

(5.8) f \Vip\ 2 dx-jf -4v? 2 dx > ^ ^ [ -pj 2 dx Vvj€C“(M+). 

J RJ 4 J R" X\ 4 JR™ FI 

It turns out that in the weakly mean convex case, A(1/4) is always positive. 

Proposition 5.8. Assume that £ £ C 2 and II is weakly mean convex. Then A(l/4) > 0. 

1 /2 

Proof. Since 17 is weakly mean convex ( i.e., —Ado A 0 in 17), it follows that d}/ is a positive 
supersolution of P\j±u = 0 in 17. We proceed by contradiction: assume that A(l/4) = 0. Then 

-j /o 

by Theorem 15.61 the operator Pi / 4 is critical and therefore d^' is a positive solution of P\uu = 0 

in 17. Thus, necessarily —Ado = 0 in the sense of distributions. Since do € W lo ’ c (17) (or directly 
by Weyl’s lemma) we have that do is harmonic and in particular do € C 00 ^). This means that 
the singular set of do, 

Sing(do) := {x € 12 | do(x) is achieved by more than one boundary points} 

= {x € 17 | do is not differentiable}, 

(see for example m Theorem 3.3]) is empty. In light of Motzkin theorem [35] Theorem 1.2.4], 
M n \ 17 is convex. Since 0 is on the boundary of M n \ 12, by considering a supporting hyperplane 
of M n \ 17 at 0, we find that necessarily M n \ 17 is included in a half-space. This implies that 
£ contains a half-sphere. If this half-sphere is strictly contained in £, then K := M n \ 17 is a 
closed convex cone not containing a line (i.e., K is pointed). Hence, its dual cone K*, and thus 
its polar cone K° = —K* C 17 has nonempty interior (see for instance (9} page 53]). Clearly, 
Sq(x) = |x| whenever x € K°, but this contradicts the harmonicity of do in 17. 

Hence, £ is precisely a half-sphere, and thus 17 is a half-space. But by Example 15.71 in the 
half-space (xi > 0} we have A(l/4) = (n — 1 ) 2 /4 > 0, and we arrived at a contradiction. ■ 


Assume that 17 is a domain admitting a supporting hyperplane H at zero. Without loss of 
generality, we may assume that H = <9R7. Recall that in this case Ao(—A,d^ 2 ,17) < 1/4 [24l 
Theorem 5]. Also, do < 5h in 17. Consequently, for appropriate test functions tp £ supported in 
a relative small neighborhood of the origin in 17 we have that for 0 < /i < 1/4 the corresponding 
Rayleigh-Ritz quotients satisfy the inequality 


Jo 


,.Fe| 2 


dx 


fn^r dx 


< 


Ih ( v ^ 


..Fel 2 

h-p- 

°H 


) dx _ (n-l+y/T^Jfiy 


fi 


Fel 2 
H fTF 


dx 


+ °(1)> 


where o(l) —> 0 as e —>• 0. Thus, Example 15.71 implies 


Corollary 5.9. Suppose that a domain 17 admits a supporting hyperplane at zero, and let P / = 
—A — pd^ 2 , where 0 < p < 1/4. Then 


A 0 (P m ,|x| 2 ,17) < 


(n - 1 +V 1 ~ 4/r) 2 


4 
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6. ON THE OPTIMALITY OF AN INEQUALITY BY FlLIPPAS, TERTIKAS AND TlDBLOM 


In the present section we generalize examples 11.41 and 15.71 concerning the half-space Mi. We 
consider the following family of Hardy inequalities in M”, obtained by S. Filippas, A. Tertikas 
and J. Tidblom US): 


( 6 . 1 ) 


|Vp| 2 dx> 



P 2 

rp 2 I 


+...+ 



v^q°r+)- 


According to [181 Theorem A], the Hardy inequality (16.11) holds if and only if the Pf s are of the 
following form: 

(6.2) /?i = —a 2 + Pi = -ati + (ai- 1 - ^) i = 2,...,n, 

where the af s are arbitrary real numbers. Without loss of generality, we can -and will- assume 
that all on 's in (16.21) are nonpositive . Denote 


m, ■■■.&■) 



ft 

X 2 I nr> 2 

1 ' 2 


+ ...+ 


Pj 


x\ + 


+ x\ 


j = l,...,n. 


Let 2* = 2nj(n — 2) be the Sobolev exponent. In [LSI Theorem B], it is shown that (16.11) can 
be improved by adding to the right-hand side a Sobolev term of the form C(f Rn |p| 2 dx) 2//2 if 
and only if a n < 0. Notice that Pi,... ,P n -i being fixed, taking a n = 0 corresponds to taking 
the greatest fi n possible in (16.21) . 

Our aim in this section is to show that when a n = 0, not only one cannot add a Sobolev 
term, but in fact one cannot even add any term of the form J Rn W(p 2 dx, W ^ 0, to the right 

hand side of (16.11) . In other words, if a n = 0, the operator —A — V (/3i,. .., /3 n ) is critical in M™. 
This implies in particular (see [32]) that (16.11) cannot be improved by adding to the right-hand 
side any weighted Sobolev term of the form C (J Rn p\(p\ 2 * dx) 2 / 2 *, where p ^ 0; an improvement 
of the result obtained in [T8] . 


Theorem 6.1. Consider the Hardy inequality (16.11) . where the Pi’s are defined in term of non¬ 
positive oti’s by (16.21) . Assume that a n = 0, and that ai,...,a n _i are either all distinct, or 
all negative. Then the operator P := —A — V(P \,..., p n ) is critical in M” , i.e., the Hardy 
inequality m cannot be improved. Furthermore, the weight fi n \x\ 2 is an optimal weight for 
the subcritical operator —A — V(Pi,... ,/3 n -i) in M” . 

Proof. Denote X^(x) := (aq,..., Xk, 0,..., 0). Let (/?j)f =1 satisfy (16.21) . and define 

fi(x) := |X 1 p i |X 2 p 2 ...|X n P'", 

where 7 j are defined by 

1 1 

7i = «i — 2 , 7 i = on- OLi -1 + - i = 2,...,n. 

Then, 

2—1 

Pi = -7i(! + 7i)> Pi = -7i ( 2 - i + li + 2 ^Z r Tk) i = 2,... ,n, 

k =1 

and according to equality (2.3) in [15]. 

A ib . . 
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Hence, if is a positive solution of the equation Pu = 0 in M” . By the AAP Theorem, this implies 
the validity of (16.11) . 

For x = (xi,..., x n ) € M+ \ {0}, denote 


ii x 

r = \x , uj = - —r, uJi = — 1 < i < n. 

x r 


Notice that u € §+ := S n 1 D {x\ > 0}. Since a n = 0 we have 


where 

Define 


if(x) = 4>{oj)r _ (j )^ r ( 2 n )/ 2 ; 

<Kw) := ^|s+ = (w? + u^) _72/2 ■ ■ ■ (w? + ■ ■ ■ + w^) _7 " /2 . 


W(u) := 4 + --- + 

wr 


fin—1 


L0f + ... + Cj2_ 1 ’ 


and let 


L — Agn-i — W(w) — (3 n + 


(n - 2f 


and 7Z := — 


<9 2 n-1 3 (n — 2) 2 




4 ’ 9r 2 r <9r 

Then, in spherical coordinates, P has the skew-product form 

P = 1Z + ^C. 

Recall that 1Z is critical on (0, oo), and its ground state is r^ 2 “ n ^ 2 . 

Lemma 6.2. The operator C is critical on §+, with ground state cf> € L 2 (8 + ). 

Once Lemma 16.21 is proved, the rest of the proof of Theorem 16.11 follows along the lines of the 
proof of Theorem 15.41 ■ 

Proof of Lemma 1 6. 21 We have 

Pi/> = 0 = (flZr^-n'H 2 + r“ (n+2)/2 £</>. 

Since 

-jZ r -{n-2)/2 = 0 in R+? 

one concludes that 

L<f> = 0 in §_|_. 

For x € S + , let p be the spherical distance function to <98+ = {uj € 8+ | uq = 0}, the boundary 
of §+. Let d S be the Riemannian measure on §+. We claim that 

/ («^) 2 dS 

Js + n{p<|} v plog(p)/ 

Clearly, (16.31) implies that 4> € L 2 (S+), and moreover, by Lemma [3771 (16.31) implies that C is 
critical with the ground state cj). In fact, since cf is smooth in the interior of S+, and 

p( uj) ~ as uj € S+, and p{u) —>• 0, 

(16.31) is equivalent to 

f ( y 

J§4 


(6.3) 


< oo. 


dS < oo. 


(6.4) / V 1 ( w 

/s+nRn^i} Vwilog(wi)/ 

For i = 1,..., n — 1, define 

Si = G §+ | CJi ^ ..., c^ ^ ^}* 
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Then, all the £j are disjoint, and if e < 1/n, one can write the e-neighborhood §+ n {uj\ < e} of 
as the disjoint union: 

§ + n {wi < e} = £]_ U ... U 8 n - 1 . 

Notice that on 

4>(u) < C £ u l 71 (wf + W2) 72 ^ 2 • • • (^i + • • • + w 2 ) 7l ^ 2 . 

Hence, 

L, Co ( 8 ti) ) 2dS - c ' L, V 271 ■■>? + ■■■ +hT 7 - ds. 

If e is small enough, then on £{. 


d S — dwi <8> ... <8> d uii <8> du(wi,..., Wj), 

where du(cui,..., Wj) is the standard Hausdorff measure on the n — i — 1-sphere uf, ± + • • • + a; 2 = 
o' 2 , with cr 2 = 1 — (a; 2 + • • • + a; 2 ). Thus, 

(6.5) f (—d S <C e [ log" 2 (a;i)a;j' 2 a; 1 ' 271 • • • (w 2 H-b w 2 ) _7i dwi... dwj. 

Jg. Vwi iogfwij/ j [0,e]* 

For Ai,..., Aj real numbers and k integer, define 


Ii(Xi,...,Xi,k) :=[ log 2 (uji)uj 1 2 w 1 2Al ■ ■ • (w 2 -j-bw 2 ) Ai |log fc (w 2 H-b w 2 )| dwi ... dwj. 

J ro,erl® 


[0,e 

One has the elementary fact: 

(6.6) Ii(Xi,... ,Xi,k) < C e < 


h- i(Ai, • • •, Aj_2, Aj_i + A* — 1/2, A:), Aj > 1/2, 
h-i (Ai,..., Aj_i, A;), Aj < 1/2, 

^i-i(Ai, • • •, Aj_i, k + 1), Aj = 1/2. 


Case 1: assume that the a^’s, k = 1, ...,n — 1, are all distinct. Then, for every 2 < j < k < i, 

k 1 1 1 

v+ E (•* - 2 ) = °* - °s-i +2 # ^ 

*=i+i 

Moreover, 

fc j 

(6.7) - 2 - 2 7l - 2^2 (77 - g) = - 2 - 2a fc - (k - 2) + (A: - 1) = -2a fc - 1. 

3 =2 

Thus, by using (16.61) i-times in (16.51) . and (16.71) . one gets 


f ( <Ku) \ 2 H o 
is A Wl log( Wl )i 


< 


C E 

fc=i ■ 


2 - 2 - 271—2 £* =a ( 7i --1/2) 
log(cji) cj 1 dwi 


< CS^ [ log(wi) V 2afc 1 dwi, 

fc=i 


where by convention the sum zero w h en A: = 1. By hypothesis, < 0, therefore 

log^i)” 2 ^/ 20 ^ -1 is integrable at zero, and thus one concludes the validity of (16.31) . 
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Case 2: assume that ak < 0, for all k = 1,..., n — 1. Then, by using (16.61) i-times in (16.51) . and 
{EZD, one gets 


L 


< 


t.i j » 


< 


cY 

k =1 J ° 


where n(k ) is an integer. Since a*. < 0, the function | log n ^(wi)|a; 1 1 is integrable at zero, 
and therefore (16.31) holds. ■ 


Remark 6.3. We believe that Theorem 15.61 should hold in the general case, without any extra 
assumption onaj,..., a n -i- We leave this question for a future investigation. 


7. A DIFFERENTIAL INEQUALITY 

Throughout the present section, $7 denotes a domain in M n such that 0 € <90, and P^ = 
—A — /uSq 2 . Our aim is to obtain a Hardy-type inequality with the best constant for the 
(nonnegative) operator P / in H, assuming that 6q satisfies the linear differential inequality 

(7.1) - AS n + H ~ 1 ~ 4 ^ (x • Vfe - fe) > 0 in fi. 

The above differential inequality certainly holds true for any /r<l/4ifHisa weakly mean 
convex cone (see Definition 12.51) ; it also holds for ^ = 1/4 if H is a ball touching the origin (see 
Remark 17.21) . 

For p, = 1/4, (17.11) is equivalent to the differential inequality 

— |x| n " 1 div (|x| 1 ~ n V(5n) - ^ 1 5q > 0 in 9. 

It is worth mentioning here that in m Theorem 3.2] S. Filippas, L. Moschini, and A. Tertikas 
obtain improved Hardy inequality under the assumption that H is a bounded domain such that 
0 € 9, and 5q satisfies the differential inequality 

—div (|x| 2_n V<5n) >0 in 9, 

while K.T. Gkikas in [T9] proves the Hardy inequality in an exterior domain 9 such that 0 € 
M n \ Cl, and satisfies the differential inequality 

—div (|x| 1-n V<fo) >0 in Cl. 

Let 

(7.2) r/(p) :=n- 1 + yT - 4/i. 

Recall that for Cl = K™, we obtained in Example 15.71 that Xo(P /Ji , \x\~ 2 , Cl) = rj 2 (p)/ 4. The 
following theorem shows that if 9 is a domain such that is a positive supersolution of a 
certain second-order linear elliptic equation, then Ao(-P|x|~ 2 ,H) > ?? 2 (/i)/4. 

Theorem 7.1. Let LI be a domain in M n such that 0 £ dCl. Fix /a < 1/4, and let rj(p) be as in 
CL2}. Suppose that 5^ satisfies the following differential inequality 

- Afo + ^(x-Vfo-fc) >0 in Cl 


(7.3) 
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in the sense of distributions. Then the following improved Hardy inequality holds 

(7.4) [ \Vip\ 2 dx-p [ ^fdx> f {^jjdx \/p € Co°(fi). 

Jn Jn 4 Jq \x\ 

Assume further that Cl admits a supporting hyperplane at zero and p > 0, then 

Ao (P li ,\x\~ 2 ,n) = ^-. 

Proof. As in Example 15.71 we write a+ for the largest root of the equation a(l — a) = p, and 
if := Sq + \x\~ n ^/ 2 . We will show that if is a supersolution of the equation 

{Pfi ~ (r](p)/2) 2 \x\~ 2 ) u = 0 in Cl, 

and then (17.41) follows from the AAP theorem lTheorem l2.1D . By direct computations we get 



= a + ( - Afe + • V6n)6* + - l \x\~^/ 2 + ^ (n - 2 - p{p)) \x\~^/ 2 ~ 2 

= a+ ( - Afo + (x • Vfo - <fo)) > 0 , 

where for the second equality we have used the fact that n — 2 — rj(p) = — 2 a+, which follows 
from our choice of a_|_. 

Assume that Cl is a domain admitting a supporting hyperplane H at zero. Without loss of 

generality, we may assume that H = 9MT. Then by Corollary [579] we have that An(-P u , |x|~ 2 , Cl) < 

? 7 2 (/r)/ 4 . 'Thus, A 0 (P M , |x| -2 , Cl) = r] 2 (p)/ 4. ■ 

Remark 7.2. 1. By (12.4p . inequality (17.31) holds true for any p < 1/4 if Cl is a weakly mean 
convex cone. 

We claim that (17.31) holds true also for p = 1/4 in any ball B with 0 € dB , and consequently, 
the Hardy inequality (17.41) is valid in this case. 

Indeed, let B = Br(x o) be an open ball in M n centered at xo, such that |xo| = R. Then for 
x £ B we have 5b{x) = R — \xq — x|, and simple computations show that for any x € B \ {mo} 

_ r , . xo — x , . . . . n — 1 

V(Wx) = - 7 and — A Sb(x) = - r . 

\xo — x\ |x 0 — x\ 

Thus, for (17.31) to be true it is enough that for any x € B \ {xo} we have 

_Afe + M ( x.Vfe-fe) = T ^ + ^/('x.h^-fl + |x 0 -A>0. 

|x| z |xo — x\ \x\ z \ \Xq — x\ ) 

After some cancelations this is equivalent to 

(7.5) |x | 2 > (i?|xo — x\ — xo ■ (xq — x)) Vx € B. 

Some further simple computations implies that (17.5p is equivalent to 

(xo — x) • x < R 2 — R\xo — x\ Vx € B. 

This is true since 

2(xo — x) • x = R 2 — |x | 2 — |xo — x | 2 < R 2 — |xo — x | 2 < 2 (R 2 — R\xo — x|), 
where in the last inequality we have used a 2 — /3 2 < 2 (a 2 — a/3) for all a, j3 € M. 
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2. If the origin is an isolated point of <9fh Then the classical Hardy inequality near 0 and 
Theorem 12.II imply that inequality 117.311 cannot hold. 

3. It would be interesting to characterize the domains for which (17.311 hold true. 
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